In this paper, we explore whether or not quark deconfinement may occur in high-mass neutron stars such as J1614-2230 (1.97 ± 0.04 M ⊙ ) and J0348+0432 (2.01 ± 0.04 M ⊙ ). Our study is based on a non-local extension of the SU(3) Nambu Jona-Lasinio (n3NJL) model with repulsive vector interactions among the quarks. This model goes beyond the frequently used local version of the Nambu Jona-Lasinio (NJL) model by accounting for several key features of QCD which are not part of the local model. Confined hadronic matter is treated in the framework of non-linear relativistic mean field theory. We find that both the local as well as the non-local NJL model predict the existence of extended regions of mixed quark-hadron (quark-hybrid) matter in high-mass neutron stars with masses of 2.1 to 2.4 M ⊙ . Pure quark matter in the cores of neutron stars is obtained for certain parametrizations of the hadronic lagrangian and choices of the vector repulsion among quarks. The radii of high-mass neutron stars with quark-hybrid matter and/or pure quark matter cores in their centers are found to lie in the canonical range of 12 to 13 km.
I. INTRODUCTION
White dwarf and neutron stars (NSs) are born in the aftermath of core-collapsing supernova explosions. Depending on NS mass and rotational frequency, gravity may compress the matter in the core regions of such stars up to more than ten times the density of ordinary atomic nuclei, thus providing a high-pressure environment in which numerous subatomic particle processes are likely to compete with each other. Theoretical studies indicate that hyperons, boson condensates (pions, kaons, H-matter) and/or deconfined up, down and strange quarks may exist in the core regions of NSs (for an overview, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and references therein).
Based on qualitative considerations concerning the stiffness of the nuclear equation of state (EoS), one could argue that the detection of high-mass NSs, such as PSR J1614-2230 with a gravitational mass of 1.97 ± 0.04 M ⊙ [14] and PSR J0348+0432 with a mass of 2.01 ± 0.04 M ⊙ [15] , may rule out the existence of deconfined quarks in their central core regions, since quark deconfinement would take away so much pressure that high-mass NSs are not supported. As shown in Ref. [16] , conclusions of that kind are not necessarily correct.
Our paper builds on the investigations carried out in Ref. [16] for NSs containing deconfined quark matter, i.e. quark-hybrid stars (QHSs). The study is based on a generalized version of the Nambu Jona-Lasinio (NJL) model [17] , which accounts for several basic properties of quantum chromodynamics (QCD). As an improvement of the standard NJL model, we will consider non-local interactions among the quarks [18] . By combining the NJL model and the one-gluon-exchange model, which uses an effective gluon propagator to model effective interactions among the quarks, it is possible to introduce the non-locality in the quark-quark interaction [19] through a model-dependent form factor g(p), in a natural way. Table I compares the key features of the standard (local) NJL with those of the non-local NJL model. Advantages of the non-local model over the local model are indicated.
SU (2) versions of the nonlocal NJL model have been applied to the study of hybrid stars in the past [20] [21] [22] . In this work, we model the quark phase that may exist in the core of a neutron star using the non-local 3-flavor NJL (n3NJL) model of Refs. [26] and [27] , which includes vector interactions among the quarks. In our previous work [16] , we considered the vector interaction of the non-local NJL model in a phenomenological way, and found that the transition to pure quark matter occurs only in neutron stars which lie already on Table I . Comparison of the key features of the local and non-local NJL model.
Local NJL
Non-local NJL model
• Confinement with a proper
• Lack of confinement. choice of the non-local regulator and model parameters [23] .
• Quark-quark scalar-• Quark-quark interaction isoscalar and pseudoscalarthrough phenomenologically isovectorial local interaction.
(effective) quark propagator.
• Non-renormalizable.
• UV divergences are fixed [18] .
Ultra-violet (UV) cutoff (Λ)
Model dependent form factor g(p).
is needed.
• Dynamical quark masses • Dynamical quark masses are momentum independent. are momentum dependent (as also found in lattice QCD calculations) [24] .
• Divergences in the meson • The momentum dependent loop integrals. Extra cutoffs regulator makes the theory finite are needed. to all orders in the 1/N c expansion [25] .
• The Λ cutoff is turned off at high • The form factor provides a natural momenta, limiting the applicability cutoff that falls off at high momenta.
of the model at high densities.
the gravitationally unstable branch of the stellar sequence. In this paper, we explore the effect of the shift of the chemical potential on the form factor, when vector interactions are considered. The results are compared with those obtained by modeling the quark phase in the framework of the local SU(3) NJL model (l3NJL) described, for example, in Refs.
[ [28] [29] [30] [31] . The vector interactions are know to be important for the QCD phase diagram [32] . It is therefore interesting, if not mandatory, to explore the consequences of the vector interactions for the EoS of neutron star matter and the structure of compact stars computed for such EoSs.
Global electric charge neutrality is imposed on the constituents of neutron star matter.
Local NJL studies carried out for local electric charge neutrality have been reported recently in Refs. [33, 34, 39] . In [33] a non-linear Walecka model was employed for the hadronic phase, using parametrizations GM1 [40] and NL3 [41] , and the local NJL model for the quark phase.
In that work it was found that the observation of compact stars with masses greater than around 2 M ⊙ would be hard to explain unless one uses a very stiff hadronic model for the nuclear EoS, such as NL3 with nucleons only, instead of the softer GM1 EoS. The authors in reference [34] treat vector interactions and color superconductivity among the quarks in the framework of the local NJL model, using the NL3 and GM3 parametrizations for the description of confined hadronic matter. The maximum mass of a neutron star was found to exceed 2M ⊙ . A possible mixed phase of quarks and hadrons has not been considered in [34] , whose appearance depends on the surface tension between nuclear matter and quark matter, which is only very poorly known [1, [35] [36] [37] . Screening and surface tension may be very important for understanding the quark-hadron phase transition and the existence of the mixed phase [35] .
The authors in [38] analyze the possibility of quark matter nucleation in high-mass neutron stars using the non-linear Walecka model plus the local NJL model with vector interaction for the EoS. They obtain stable NSs configurations with quark cores when the NL3 parametrization is considered (being 2.18M ⊙ the largest NS mass) and NSs with mixed phase in their centers if the parametrization for the hadronic phase is TM1 or TM2 (being 2.03M ⊙ the maximum star mass).
Finally, we mention the study of Ref. [39] , where it was found on the basis of the percolation picture from the hadronic phase with hyperons to the quark phase with strangeness that massive neutron stars with quark matter cores are compatible with the mass observed for PSR J1614-2230, provided the crossover from hadronic matter to quark matter takes place at around three times the normal nuclear matter density, quark matter is strongly interacting in the crossover region, and has a stiff equation of state.
This work is organized as follows. In Sect. II, we describe the local as well as the non-local extension of the SU(3) NJL model at zero temperature. In Sect. III, the non-linear relativistic Walecka model, which is used to model confined hadronic matter, is briefly discussed. In
Sect. IV, we analyze the construction of the mixed quark-hadron phase subjected to global electric charge neutrality. Our results for the quark-hadron composition and bulk properties of neutron stars are presented in Sects. V and VI. Finally, a summary and discussion of our results is provided in Sect. VII.
II. QUARK MATTER PHASE
A. The local 3-flavor NJL model with vector interaction (l3NJL)
As and effective model of QCD, the NJL model accounts for the interactions between constituent quarks and provides a simple scheme for studying spontaneous chiral symmetry breaking, a key feature of quantum chromodynamics (QCD) in the low temperature and density domain, and its manifestations in hadron physics, such as dynamical quark mass generation, the appearance of quark pair condensates, and the role of pions as Goldstone bosons. The effective action of the local 3-flavor NJL model with vector interaction (l3NJL) used in this paper is given by
where ψ is a chiral U(3) vector that includes the light quark fields, At the mean-field level, the thermodynamic potential associated with S E is given by
where
with f, j, k = u, d, s indicating cyclic permutations. The vector interaction shifts the quark chemical potential according to
where ρ f is the quark number density corresponding to the flavor f in the mean field approximation, that is,
The quark condensates ψ f ψ f can be determined by minimizing the thermodynamic po-
B. The non-local 3-flavor model with vector interaction (n3NJL)
In this section we briefly describe the non-local extension of the SU(3) Nambu JonaLasinio (n3NJL) model. The Euclidean effective action for the quark sector, including the vector interaction, is given by 
where g(z) is a form factor responsible for the non-local character of the interaction and λ a represent the generators of SU (3), as for the local model.
Finally, the constants T abc in the t'Hooft term, which account for flavor-mixing, are defined by
After standard bosonization of Eq. (7), the integrals over the quark fields can be evaluated in the framework of the Euclidean four-momentum formalism. The thermodynamic potential, in the mean-field approximation at zero temperature, can then be written as
The constituent quark masses M f are treated as momentum-dependent quantities and are given by
where g(ω 2 f ) is the Fourier transform of the form factor g(z). The inclusion of vector interactions shifts the quark chemical potential as
where ̟ f represent the vector mean fields related to the vector current interaction (last term in Eq. (7)). The inclusion of the form factor in Eq. (12) is a particular feature of the non-local model, which renders the shifted chemical potential momentum dependent.
Accordingly, the four momenta ω f in the dressed part of the thermodynamic potential are modified as
We followed the prescriptions given in [20] to include the vector interaction. Note that the quark chemical potential shift does not affect the non-local form factor g(ω 2 f ), as discussed in [20, 42, 43] , avoiding a recursive problem.
As we mentioned before, the form factor g(z) is denfined by its Fourier transform in Euclidean space, which we take to be Gaussian
It is worth noting that in Eq.14, Λ is not a cutoff as in the case of the local NJL, but a model parameter which plays a role for the width of the chiral transition. This parameter as well as the quark current masses and coupling constants in Eq. (7) can be chosen so as to reproduce the phenomenological values of pion decay constant f π , and the meson masses m π , m η , m η ′ , as described in Refs. [26, 27] . In this work we use for the n3NJL model the parameters listed in Table II [16] .
Within the stationary phase approximation, the mean-field values of the auxiliary fields S f turn out to be related to the mean-field values of the scalar fieldsσ f [44] . They are given
The mean field values ofσ u ,σ s and ̟ f are obtained via minimizing the thermodynamic potential, ∂Ω
III. HADRONIC MATTER PHASE
The hadronic phase is described in the framework of non-linear relativistic field theory [45, 46] , where baryons (neutrons, protons, hyperons, delta states) interact via the exchange of scalar, vector and isovector mesons (σ, ω, ρ, respectively). The parametrizations used in our study are GM1 [40] and NL3 [41] . The associated parameter values are summarized in Table III .
The total lagrangian of the model is given by [ 
with the leptonic lagrangian given by
The hadronic lagrangian in Eq. (17) has the form
The quantity B sums all baryonic particles which are produced in neutron star matter at a given density [1, 2] . Intriguingly (see Sect. VI), we find that, in addition to hyperons, the ∆ − particle is generated in neutron star matter at densities which are relevant for stable neutron stars. In contrast to this, treatments of the quark-hadron phase transition based on the MIT bag model [36, 37] do not predict the occurrence of the ∆ − state.
The quantities g ρ , g σ , and g ω in Eq. (19) are meson-baryon coupling constants whose values are summarized in Table III . Table IV lists the properties of symmetric nuclear matter computed from Eq. (19) for the relativistic mean-field approximation. The most important differences between the three parameter sets concern the values of the nuclear incompressibility and the asymmetry energy.
The maximum neutron star masses for GM1 and NL3 are 2.23 M ⊙ and 2.77 M ⊙ , respectively, for confined hadronic matter. This is illustrated in Fig. 1 , which shows the mass-radius relationship of neutron stars for the parametrizations (Table III ) studied in this work.
IV. QUARK-HADRON MIXED PHASE
The basic particle reactions in chemically equilibrated quark matter are given by the strong process u + d ↔ u + s and the weak processes d(s) → u + e − and u + e − → d(s).
Neutrinos, once created by the weak reactions, do not accumulate in cold neutron star matter, which implies zero chemical potentials for (anti) neutrinos. The chemical potential for each quark flavor f is then given by
where µ b and µ e denote the baryon and electron chemical potential, respectively, and Q f stand for the electric charge of a quark of flavor f . The baryon chemical potential is related to the quark chemical potentials according to
The contribution of the leptons present in the quark matter phase to the thermodynamic potential is given by
Muons occur in the system if the electron chemical potential µ e = µ µ is greater than the muon rest mass, m µ = 105.7 MeV. For electrons we have m e = 0.511 MeV. For the l3NJL model, the total thermodynamic potential for the quark phase is then given by Eqs. (2) and (21) . For the n3NJL model, the total thermodynamic potential follows from Eqs. (10) and (21) .
If the dense interior of a neutron star is indeed converted to quark matter, it must be three-flavor quark matter since it has lower energy than two-flavor quark matter. And just as for the hyperon content of neutron stars, strangeness is not conserved on macroscopic time scales, which allows neutron stars to convert confined hadronic matter to three-flavor quark matter until equilibrium brings this process to a halt. As first realized by Glendenning [1, 36, 37] , the presence of quark matter in neutron stars enables the hadronic regions of the mixed phase to become more isospin symmetric than in the pure phase by transferring electric charge to the quark phase. The symmetry energy can be lowered thereby at only a small cost in rearranging the quark Fermi surfaces. The electrons play only a minor role when neutrality can be achieved among the baryon-charge carrying particles. The stellar implication of this charge rearrangement is that the mixed phase region of a neutron star will have positively charged regions of nuclear matter and negatively charged regions of quark matter [1, 36, 37] . This should have important implications for the electric and thermal properties of neutron stars. First studies of the transport properties of quark-hybrid neutron star matter have been reported in [47, 48] .
To determine the mixed phase region of quarks and hadrons, we start from the Gibbs condition for pressure equilibrium between confined hadronic (P H ) matter and deconfined quark (P q ) matter. The Gibbs condition is given by [1, 36, 37]
with µ The quantities {φ} and {ψ} in Eq. (22) stand collectively for the field variables and Fermi momenta that characterize the solutions to the equations of confined hadronic matter and deconfined quark matter, respectively. In the mixed phase, the baryon number density, n b , and the energy density, ε, are given by [1, 36, 37] 
and
where n H b (ε H ) and n q b (ε q ) denote the baryon number (energy) densities of the hadron and quark phase, respectively. The quantity χ ≡ V q /V denotes the volume proportion of quark matter, V q , in the unknown volume V . By definition, χ therefore varies between 0 and 1, depending on how much confined hadronic matter has been converted to quark matter [1, 36, 37] . In addition to the Gibbs condition (22) for pressure, the conditions of global baryon number conservation and global electric charge neutrality need to be imposed on the field equations. The global conservation of baryon charge is expressed as [1, 36, 37] 
where ρ Q and ρ H denote the baryon number densities of the quark phase and hadronic phase, respectively. The condition of global electric charge neutrality is given by the equation
where q i is the electric charge of the i-th specie in units of the electron charge. In this work we have chosen global rather than local electric charge neutrality. The latter is not fully consistent with the Einstein-Maxwell equations and the micro physical condition of chemical equilibrium and relativistic quantum statistics, as shown in [49] . In contrast to local electric charge neutrality, the global neutrality condition puts a net positive electric charge on confined hadronic matter, rendering it more isospin symmetric, and a net negative electric charge on the deconfined quark phase, allowing neutron star matter to settle down in a lower energy state that otherwise possible [36, 37] . 
V. MODELS FOR THE ULTRA-DENSE PART OF THE EOS OF NEUTRON STAR MATTER

VI. QUARK-HYBRID COMPOSITION
In Figs. 7 through 10 we show the relative particle fractions Y i (≡ ρ i /ρ) of neutron star mater as a function of baryon number density for both the local and non-local NJL model.
It can be seem that by increasing the strength of the vector interaction, negatively charged particles like µ − 's and ∆ − 's take on the role of electrons, whose primary duty is to make the stellar matter electrically neutral. Because of the early onset of the ∆ population in our models, there is less need for electrons so that their number density in the mixed phase is reduced compared to the outcome of standard mean-field/bag model calculations. Table   V shows the densities beyond which leptons are no longer present in quark-hybrid matter (quark matter gets deleptonized). They are different for the local and non-local NJL model and depend on the ratio G V /G S .
Since we model the quark-hadron phase transition in three-space, accounting for the fact that the electric and baryonic charge are conserved for neutron star matter, the pressure in the non-local case, similarly to the observation in Ref. [16] , the inclusion of the quark vector coupling contribution shifts the onset of the phase transition to higher densities and narrows the width of the mixed quark-hadron phase, when compared to the case G V = 0. To the contrary, when the quark matter phase is represented by the local l3NJL model, the width of the mixed phase tends to be broader for finite G V values. This effect can be seen both in Fig. 11 as well as in Tables VI and VII. To account for the uncertainty in the theoretical predictions of the ratio G V /G S [43, 50-52], we treat the vector coupling constant as a free parameter. We observed that the n3NJL model is more sensitive to the increase of G V /G S than the local model. For
we have a shift of the onset of the quark-hadron phase transition to higher and higher The green and orange bands in Fig. 13 display the masses of the recently discovered, massive neutron stars PSR J1614-2230 [14] and J0348+0432 [15] , respectively.
As a neutron star becomes increasingly more massive, the stellar core composition consist Fig. 14(b) ), we find that pure quark does not exist in stable neutron stars. Only neutron stars which lie to the left of the mass peak are dense enough to contain such matter. These stars are however unstable against radial oscillations and thus cannot exit stably in the universe. The situation is different if the GM1 parameter set is used for the hadronic lagrangian. In this case a small amount of The situation is somewhat different for the local NJL model (Fig. 13) , for which pure quark matter cores are obtained for NL3 (see Table VI and Fig. 13(b) ). The results for the masses and radii of the maximum-mass neutron stars are shown in Table VIII .
VII. SUMMARY AND CONCLUSIONS
In this work we use extensions of the local (l3NJL) and non-local (n3NJL) Nambu-Jona Lasinio model to analyze the possible occurrence of quark deconfinement in the cores of neu- tron stars. We have constructed the phase transition from hadronic matter to quark matter via the Gibbs conditions, imposing global electric charge neutrality and baryon number conservation. We have calculated the mass-radius relationships of ordinary neutron stars and neutron stars with deconfined quarks in their centers (quark-hybrid stars). Depending on the strength of the quark vector repulsion, we find that mixed phases of confined hadronic matter and deconfined quarks can exist in neutron stars as massive as 2.1 to 2.4 M ⊙ . The radii of these objects are between 12 and 13 km, as expected for neutron stars.
According to our study, for the n3NJL model, a transition to pure quark matter occurs only in neutron stars which lie on the gravitationally unstable branch of the stellar sequences if the parametrization NL3 for the hadronic matter lagrangian is used. This is different for the other hadronic parametrization considered in this paper, GM1, which predicts, for sufficiently large vector interactions among the quarks, pure quark matter cores in maximummass neutron stars. Pure quark matter cores are also obtained for the l3NJL model if the NL3 parametrization is being use. For the GM1 parametrization, however, pure quark matter is not present but gives way to an extended region of deconfined quarks which are in chemical equilibrium with various baryon species.
The latter is found to exist in all neutron stars models, independent of the value of the vector repulsion among quarks. With increasing stellar mass, all the stellar core compositions consist either of nucleons only, nucleons and hyperons, a mixed phase of quarks and hadrons (MP), and, in some cases, a pure quark matter phase (QP) in the core. and hadronic model parametrizations GM1 and NL3.
